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ABSTRACT
Increasing manufacturing flexibility is a key strategy for efficiently
improving market responsiveness in the face of uncertain future product
demand. Process flexibility results from being able to build different types
of products in the same plant or production facility at the same time. Jordan
and Graves (1991) develop several principles on the benefits of process
flexibility. These principles are that 1) limited flexibility (i.e., each
plant builds only a few products), configured in the right way, yields most of
the benefits of total flexibility (i.e., each plant builds all products) and
2) limited flexibility has the greatest benefits when configured to chain
products and plants together to the greatest extent possible. In the current
paper we provide analytic support and justification for these principles.
Based on a planning model for assigning production to plants, we demonstrate
that, for realistic assumptions on demand uncertainty, limited flexibility
configurations (i.e., how products are assigned to plants) have sales benefits
that are approximately equivalent to those for total flexibility.
Furthermore, from this analysis we develop a simple measure for the
flexibility in a given product-plant configuration. Such a measure is
desirable because of the complexity of computing expected sales for a given
configuration. The measure is (M*), the maximal probability over all
groupings or sets of products (M) that there will be unfilled demand for a set
of products while simultaneously there is excess capacity at plants building
other products. This measure is easily computed and can be used to guide the
search for good limited flexibility configurations.
INTRODUCTION
Increasing manufacturing flexibility is a key strategy for efficiently
improving market responsiveness in the face of uncertain future product
demand. One type of flexibility results from being able to build different
types of products in the same manufacturing plant or on the same production
line at the same time. This allows changing the product mix during production
as demand varies. An important issue is how much of this product mix
flexibility is needed within a network of production facilities to be
responsive to uncertain demand.
Jordan and Graves (1991) develop principles on the benefits of product mix
flexibility. One main principle is that adding a small amount of flexibility
in the right way can yield almost all of the product sales and capacity
utilization benefits of total flexibility (all products built in all plants).
They demonstrate this with several examples. The purpose of this paper is to
provide analytical justification of this principle's generality.
Suppose that we market m products or product families, and we have n
plants or production facilities available to produce these products. Plants
could potentially produce any subset of products. At one extreme, we might
assign each plant to produce one product (when m n) so that each plant is
dedicated, or assign each product (when m > n) to only one plant, so that
there is no capability to shift production across plants. At the other
extreme, we might design each plant to be completely flexible, so that it can
produce all m products. In between these two extremes, we might design the
plants so that each plant has limited flexibility; that is, each plant can
produce a subset of the products, but no plant can produce all of the
products. Our intent is to develop models and analyses to evaluate the sales
benefits of this range of flexibility.
We pose a stylized model for comparing different levels of flexibility.
We describe the model in terms of an annual planning scenario. Assume that we
are given the annual production capacity of each plant, and we need to decide
how to configure or tool each plant; that is, on an annual basis we determine
which plants have the capability to produce which products over the coming
year. The annual demand for each product is a random variable. For a given
plant configuration (i.e., a specification of which products are produced at
which plants), we want to project how the demand will be met over the course
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of the year as it is realized. We assume that demand that cannot be met due
to capacity constraints is lost. The basis for comparison between different
plant configurations is the expected amount of demand that can be met by the
set of production facilities. Presumably, greater levels of flexibility will
result in a larger percentage of product demand being satisfied.
We first state the general model for evaluating a given configuration. We
then illustrate the model with a small example to motivate the general
analysis and to provide the primary insights from the model. Then we show how
the model and analysis extend to more complex settings.
BASIC MODEL FORMULATION
Suppose we have n plants available to produce m products and we can
configure each plant to produce a subset of the products. In particular, we
denote a configuration by a set of ordered pairs, call it A, where (i,j) e A
indicates that plant j can produce product i. We find it useful to think of a
configuration as a bipartite graph with m+n nodes, one node for each product
and one node for each plant, and with arc set given by A. We assume that we
can express the demands and capacities in common units so that one unit of
capacity at plant j is required to produce one unit of product i, for any
product i such that (i,j) A. Let Di denote the random variable for the
demand for product i, and let fi( ) be its probability density function. Let
cj be the annual production capacity for plant j.
We evaluate a configuration A in terms of the expected amount of demand
that can be met by the plants, or equivalently in terms of the expected demand
shortfall that can not be covered by the plants. For evaluating the expected
demand shortfall for configuration A, we assume that the actual volume that
each plant builds of each product assigned to it is such that total unmet
demand is minimized. In effect, we assume that we first observe the
realizations of the demand random variables and then we determine how much of
each product is produced by each plant. (This is an approximation since in
practice one must allocate production capacity to the products over time as
the demand realization evolves.) If we know the demand realization for
product i, di, for all products, then we find the minimum shortfall for
configuration A, V(A), by solving the following linear program:
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m[P13 V(A) = MIN s
i=l
s.t.
xj + s > di for i = 1, 2, ... m
(i,j) E A
x.ij < c for j = 1, 2, ... n
(i,j) E A
all x.. O 0
The decision variables xij denote the amount of demand for product i supplied
by plant j, and are defined only if plant j is configured to produce product
i; si is the amount of demand for product i that cannot be satisfied, i.e.,
its shortfall. There are two sets of constraints, the first represents the
demand requirements and defines the shortfalls, and the second enforces the
plant capacities. The objective is to minimize the sum of the shortfalls.
In the Appendix we show that the optimal objective value for the linear
program [P1] is equal to
V(A) = MAX {Idi- cj . (1)
ieM jEP(M)
The maximization in (1) is over all subsets M (including the null set) of the
index set {1,2,...m}. That is, the maximization is over all subsets of
products; hence, for three products (m=3) regardless of how they are assigned
to plants, the subsets to be considered are { }, {1}, {2}, {3}, {1,2}, {1,3},
{2,3}, and {1,2,3}. For any given subset of products, M, P(M) is the subset
of plants that can produce at least one of the products in M. P(M) is defined
by the configuration A: j e P(M) if and only if there is at least one i M
such that (i,j) e A. Thus, each term within the maximization in (1) is the
difference between the demand for some subset of products and the maximum
capacity available to make that subset of products.
To understand the derivation of (1) and to interpret its meaning, we
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observe that P1] is equivalent to a maximum flow network problem. Rather
than minimize the demand shortfall, we could restate the objective as
maximizing the amount of demand met, since the shortfall equals the difference
between the total demand and the amount of demand met by production. That is,
the objective could be stated as maximizing the amount of flow from plants to
products:
V(A) = AXI xij
(i,j) A
Then we could develop an interpretation of (1) as being the minimum cut for
the network (see Lawler, 1976). See the appendix for an alternative
derivation.
To determine the expected shortfall for a configuration, we need to take
the expectation of (1) over the possible realizations for the product demands
{di,d 2,...dm}:
E [V(A)] = EX M A Di c j (2)
ie o jeP(M) 
In general, this cannot be easily evaluated. However, we will use (2) to
analyze special cases and to draw general inferences, as discussed below.
THREE-PRODUCT, THREE-PLANT ANALYSIS
Suppose we have three products and three plants. We consider three
configurations: (i) one product per plant; (ii) two products per plant; and
(iii) three products per plant. See Figure 1. These configurations
correspond to no flexibility, limited flexibility, and complete flexibility.
For each case, we will determine the expected amount of demand that cannot be
met, i.e., the expected shortfall, which we denote by ES1, ES2, and ES3 for
the three cases.
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FIGURE 1. CONFIGURATIONS CONSIDERED FOR TIHRE4ROOUCT. THREEqLANT CASE
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PLANTS
i. One Product Per Plant
We assume that plant i produces product i. The expected shortfall is just
the sum over the three plants of the expected shortfall for the three
products. (Although this result can be derived from (2), it is better just to
view this case as the shortfall from three independent plant-product systems.)
3
ES1 = E AX [, Di -ci])
i=l
3 X
ES1 { (X - ci fi(x) dx (3)
i=l Ci
ii. Two Products Per Plant
We assume that plant 1 produces products 1 and 2, plant 2 produces
products 2 and 3, and plant 3 produces products 1 and 3. From (2) we can
write the expected shortfall, after dropping dominated terms, as
3 3
ES2 = EMAX i D1 ci+c3], D2 ci+c2]i D3 c 2 +c 3 i c]}
i=l j=1
(4)
iii. Three Products Per Plant
Each plant produces all three products. From (2) it is easy to show that
3 3
ES3 B YAXF O ,i i = C
i=1 j=1
6
ES3 = J (X - 3c] f(3)[x] dx (5)
3c
where f(3)() denotes the convolution of fl, f2, and f3.
Based on assumptions about fit ), Jordan and Graves (1991) analytically
derive the expected sales difference between no flexibility (ES1) and total
flexibility (ES3) (see the Appendix of that paper). We want to show here that
limited flexibility (ES2) provides virtually the same expected sales benefits
as total flexibility. Unfortunately, analytically evaluating the expected
sales for limited flexibility is difficult. So, rather than try to give a
stronger characterization of the expected shortages, we will argue that ES2 is
approximately equal to ES3.
Our approach for doing this can be described using Figures 2a and 2b.
Each of these is a three-dimensional graph with axes plotting the demand for
each product, D1, D2, and D3. In Figure 2a we plot the production
capabilities of both total flexibility and limited flexibility. That is, with
total flexibility we can produce up to 3c units of any combination of products
1, 2, or 3. Hence, we can satisfy any mix of product demands whose
coordinates are in the region XYZO. With limited flexibility, again we can
produce up to 3c units in total, but we are restricted to producing no more
than 2c of any particular product. Limited flexibility restricts production
to the smaller region EFGHIJUVWO. We term the regions XYZO and EFGHIJUVWO to
be the production possibilities region for total and limited flexibility,
respectively.
Superimposed on these production possibilities regions we have a
multivariate distribution of demand. For example, Figure 2b shows the
probability distribution for product 1 demand. Similar distributions could be
drawn for the other products. The analysis which follows shows that, for
Wreasonable' distributions of demand and with capacity roughly balanced with
expected demand, the probability that demand falls within the production
possibilities region for total flexibility but outside the region for limited
flexibility (i.e., in the shaded areas shown in Figure 2b) is small.
We need to show that ES2 is approximately equal to ES3, or:
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FIGURE 2a. THREE-PRODUCT, THREE-PLANT PRODUCTION POSSIBILITIES GRAPH
FOR LIMITED AND TOTAL FLEXIMTlY.
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FIGURE 2b. PRODUCTION POSSIBILITIES GRAPH WITH
DEMAND DISTRIBUTION FOR PRODUCT 1.
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3 3
ES2 E{MAX D. - (6)
i=l j=1
For this to be exactly true, in equation (4) either there is no shortage
(maximum equals O) or the size of the shortage is dictated by the difference
between the total demand and the total capacity.
Since the statement (6) is approximate in nature, we cannot give a formal
proof or rigorous demonstration; rather, we try to provide a compelling and
intuitive argument for the plausibility of the general finding. Our approach
will be to argue that the probability that
3 3
MAX [D1 - (ci+c3] D2 - CLi+c 2] D3 C2+C3 ] > MAX| Di cj
i=l j=l
(7)
is small for typical problem parameters. If this is true, then we will claim
that (6) is true.
It suffices to show that
3 3
n11 = Pr [D - cl+c 3 > Max (0 Di cj (8)
i=l j=1
is small. An identical argument applies to show that both
?3 3
Pr D2 [ci+c2] > Max [0 I Di-I jJ]
i=l j=1
and
3 3
Pr [D3 - c2+c3 > Max (· ODi Icj}I
i=l j=1-
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are small. Although the probability that (7) is true is greater than (8) or
its variants, its probability will be of the same order of magnitude as (8) or
its variants. Hence, showing that (8) is small also argues that the
probability of (7) is small.
To show that n is small, we will rewrite the probability as follows:
n = Pr > Max[[-D + c1 c3J 2 + D3 - c2
Assuming that product demands are independent, we rewrite (8) as
n = Pr[0 > -D1+ c+C] Pr[ > D2 + D3 - c2 (9)
Now, we assume that the product demands are identically and normally
distributed random variables with E{Di} = , and Var{Di} = 2, for i=l, 2, 3.
We also assume that the plants have the same capacity levels, cl = c2 = c3 =
c. Then we can express (9) in terms of the cumulative distribution function
¢(z) for a standard normal random variable, i.e.,
n = (1 - (z1))#(z2) (10)
where z = (2c-p)/a and z2 = (c-2)/-2 .
To make the argument that H is small, we evaluate (10) for typical
parameter values. We expect that c, the average plant capacity, would
approximately equal the mean product demand, . If we assume this, then we
can reexpress z = /a and z2 = -/aF For a typical vehicle (at the nameplate
level), the ratio /a is at least 2. Thus, the probability in (8), as
evaluated via (10) for /1a=2, is (0.023)(0.079) = 0.0018. For larger ratios
of /a, this probability is even smaller. Thus, we conclude for typical
parameters that the probability is small that (7) is true and, hence ES2
ES3.
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III
This completes the example and the demonstration that limited flexibility
(two products per plant) provides virtually the same performance as complete
flexibility (three products per plant). To show the generality of this
result, in the remainder of this paper we discuss how the analytic
demonstration extends to cases with more than three products and plants and
with non-identical products and non-equal-sized plants.
n IDENTICAL PRODUCTS AND PLANTS
Suppose that we have n products and n plants, where each plant has the
same capacity c and product demands are i.i.d. random variables with each
being N(,oa2). We wish to compare the expected demand shortfall for total
flexibility with that for limited flexibility.
Total flexibility corresponds here to each plant having the ability to
manufacture all n of the products. The expected shortfall is given by
n n
ESn EMAX[O Di Ci (11)
i=l j=l
In this case, many different configurations would provide limited
flexibility. We will only consider configurations where all plants build the
same number of products and each product is built in the same number of
plants. Let
h = the number of products built in each plant and the number of
plants building each product.
So, we consider configurations with a given value for h. For evaluating
limited flexibility, we will only consider cases where products are built in
up to one-half of the plants: 2 h < n/2. The expected shortfall is given in
general by (2), and will depend on the specific configuration. We wish to
show that the expected shortfall for a configuration with limited flexibility
is approximately equal to ESn; this is equivalent to showing that
12
n n
PrMIAX I Di Cj > MAX Di Ci}] (12)
ieM jEP(M) i=l i=l
is small.
All the limited flexibility plant-product configurations considered in
this section are of the form shown in Figure 3 for n=10 and h=2. That is, we
assume that product i can be produced by h plants: plants i to i+(h-1) for i =
1, 2, ... , n-(h-l) and plants i to n and 1 to i+(h-l)-n for i = n+2-h, ... , n.
After eliminating dominated terms in (12), we can simplify the maximization to
subsets of consecutive integers, namely subsets of the form M = {i, i+l,
i'} where we assume circular indexing if i > i'. For such sets of consecutive
products, the set of plants that can produce these products, P(M), is also a
consecutive set, namely {i, i+l, ... i'+(h-l)}. So, for example, in Figure 3,
if we consider the subset M={8, 9, 10, 1, 2}, then P(M)={8, 9, 10, 1, 2, 3}.
The argument for (12) is based on showing that for any pair (i,j)
n n
n(M) = Pr([Di +... D ] - C[Ci +...+ C. +h-l) > MAX 0 Dk C k]
k=l k=l
(13)
is small.
At this point the argument parallels that for the case of three products
and plants. Let
a = (Di+...+D. ) - (ci+...+c. +h-1) and
3 3J
b = (Dl+...+Dn) - (Cl+. .+Cn) - a.
These are also independent random variables: a is N(ks-(k+h-l)c,ka2), b is
N((n-k)#-(n-k-(h-1))c, (n-k)a2), where k = IMI = j-i+l if i < j, and =j + n-i+l if i > j.
With these definitions we can restate (13) as
II(M) = Pr[a > max(O,a+b)] (14)
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FIGURE 3. 10-PRODUCT, 10-PLANT CONFIGURATION WITH LIMITED FLEXIBILITY AND h=2.
1A
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To show (M) is small, transform (14) as in the previous section to yield
n(M) = Pr[0 > max(-a,b)] = Pr[O > -a]Pr[O > b]
= [1 - (Zl)]O(Z2) (15)
where z 1 = -[kp-(k+h-1)c]/aT k and z2 = -[(n-k)p-(n-k-(h-l))c]/Ba (n-k)
Equation (15) shows that (M) is the probability that the demand for
products in set M exceeds the capacity of all the plants that build these
products times the probability that the demand for products not in M is below
the capacity of the plants that do not build any of the products in M. That
is, the size of n(M) indicates the chance of having unfilled demand for a set
of products, M, while simultaneously having excess capacity in plants that
don't build M. If n(M) is small for all M, then little opportunity exists for
increasing expected sales by adding more flexibility.
To judge the strength of the argument, we need to evaluate (M) for
typical parameters. We assume that total plant capacity equals total expected
product demand c = p. To show that (M) is small for all M, we want to find
its maximum value, n(M*), denoting the set M that maximizes H(M) as *. From
equation (15) we see that M* is any product subset which contains one-half of
the products. So, k=IM*l=n/2. Then
Z1 = (h-1)/aF.5n = -z2.
Consider now the case when each product is built in two plants, h=2.
Based on historical levels of demand uncertainty, /pl varies between roughly 2
and 4 for vehicles. Then, with p/a = 2 and n = 10, using equation (15) yields
n(M*) = 0.0346. Though not as small as in the three product/plant case, this
small value for n(M*) indicates that there is little chance that adding
flexibility beyond that shown in Figure 3 will increase expected sales.
Figure 4 shows how n(M*) varies with /a and n. We see that for low values of
p/a (greater uncertainty in demand) and as n increases beyond 10 plants H(M*)
increases above 0.05.
Figure 4 suggests that for high levels of demand uncertainty and many
products and plants limited flexibility with only 2 products per plant (h=2)
may not provide the same ability to respond to demand changes as total
flexibility. Therefore, we now investigate configurations with more products
15
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per plant. Figure 5 shows how changing the number of products per plant from
1 to 6 affects (M*) for n=40 and /a=2. We see that going from h=2 to h=3
reduces (M*) from about 0.11 to about 0.03 with increasing h beyond this
point reducing (M*) to about 0. This shows that even with high demand
uncertainty and many products and plants, limited flexibility configurations
with few products per plant (three or four) can provide the sales benefits of
total flexibility.
To make this point further, we compare the expected sales for limited and
total flexibility configurations computed using a simulation model (see Jordan
and Graves, 1991). Table 1 shows the results. This table shows for cases of
TABLE 1. EXPECTED SALES AND (M*) FOR DIFFERENT LEVELS OF FLEXIBILITY.
(#/=2 for all cases)
n h H(M*) EXPECTED SALES
40 1 (no flexibility) 0.25 3283
40 2 0.11 3767
40 3 0.034 3870
40 4 0.0081 3909
40 40 (total flex.) - 3922
10 1 (no flex.) 0.25 822
10 2 0.034 941
10 3 0.0014 954
10 4 0.000013 955
10 10 (total flex.) - 955
10 and 40 products and plants that limited flexibility configurations with
very small numbers of products per plant can have the same sales benefits as
total flexibility configurations. Moreover, the table shows how well (M*)
reflects the expected sales for a configuration: when n(M*) reaches about
0.03, expected sales for the configuration is at about 99% of the level it
reaches with total flexibility. This is important because n(M*) is much
easier to compute than expected sales, which must be computed by simulation
(the method used by CAPPLAN) for limited flexibility configurations. Hence,
H(M*) is a much more practical measure of a configuration's flexibility.
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mNON-IDENTICAL PRODUCTS AND n NON-IDENTICAL PLANTS
Suppose that we have m products and n plants. Product demands are
independent random variables with demand for product i being N(pi,a2). The
capacity at plant j is cj; one unit of demand for any product requires one
unit of capacity at any plant. We wish to compare the expected demand
shortfall for total flexibility with that for limited flexibility.
Total flexibility corresponds to each plant having the ability to
manufacture all m of the products. The expected shortfall is given by
m n
ESn EMAXO Di - 2 ci] (16)
i=l j=1
There is not an obvious definition for limited flexibility in this case. For
now, assume that we have a configuration A that is more restrictive than total
flexibility. The expected shortfall is given by (2), which we wish to show is
approximately equal to ESn; this is equivalent to showing that
m n
PrM { Di - cj) > MAX I Di cj}] (17)
ieM jP(M) i=l j=1
is small.
To argue (17), we focus on the probability that the shortfall for a given
subset of products M can exceed the aggregate shortfall; that is, we will
argue that for any subset M
m n
1(M) Pr[{ Di - j} > MAX{ I i I c) (18)
ieM jEP(M) i=1 j=l
is small. In particular, we will focus on M that maximizes this probability,
M*, and then show that this probability, i(M*), is small. If this is true,
then we expect (17) to be small.
We proceed as in the previous section. Let
d i c. and
ieM j P(M)
m n
b= { d.- ] a,
i=l j=l
where a is N i c, 2 and
isM jEP(M) ieM
bis NE i - c; o E 
ieM jP(M) iem
With these definitions, we rewrite (18) as follows:
N(M) = Pr{ a > max(O,a+b) }
= Pr{ 0 > max(-a,b) }
= Pr{ 0 < a }Pr{ 0 > b }
= 1 - (z1)](z2) (19)
where zl = -E[a]/4Iv[a] and z2 = -E[b]/V[b] .
As before, we note that the size of H(M) indicates the chance of having
unfilled demand for a set of products, M, while simultaneously having excess
capacity in plants that don't build M. So for a given assignment of products
to plants, (M*) indicates the opportunity for increasing sales by adding more
flexibility.
We illustrate this with a small example. Figure 6 shows four products
with their demand parameters i and a i and three plants with their capacities
cj. It also shows an assignment of products to plants that has little
flexibility, i.e., each product is built at only one plant. Using (19) we
evaluate n(M) for all subsets of products. As shown in the figure, M*={1,2}
and 1(M*)=0.436. This large value for (M*) indicates a good chance that
there will be unfilled demand for products 1 and 2 that could be satisfied by
19
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excess capacity in plants 2 and 3. Hence, there is likely to be substantial
sales benefits from building one of the M* products in either plant 2 or 3.
In Figure 7, we add this product-plant link and recompute M* and n(M*). Since
n(M*) is still fairly large, we add additional product-plant links as shown in
Figures 8 and 9. After three links are added (Figure 9), (M*) has dropped to
0.0087; so there is little to be gained by adding more flexibility.
We confirm these results by using the simulation model to calculate the
expected sales for each of the configurations in Figures 6-9 as well as that
for total flexibility (all products built in each plant). Table 2 shows these
values.
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~I I-~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
TABLE 2. CAPPLAN ANALYSIS FOR 3-PLANT, 4-PRODUCT EXAMPLE.
CONFIGURATION N(M) EXPECTED SALES
Base (Figure 6) 0.436 426
Add one link (Fig. 7) 0.282 443
Add two links (Fig. 8) 0.220 451
Add three links (Fig. 9) 0.0087 458
Total Flexibility - 459
I I~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
This example illustrates how to use (M*) to construct a good
configuration with limited flexibility. If n(M*) is relatively large, then
the product set M* and the plants that build them P(M*), effectively are a
bottleneck to improving sales. To improve the sales performance of the
configuration, we need to relax this bottleneck. We do this by adding a link
to the configuration that connects one of the products in M* to a plant
outside P(M*). This is what was done in Figures 7-9 for the example.
Furthermore, this example strengthens our conjecture that In(M*) is a good
measure of the flexibility of any particular product-plant configuration.
There is little value to adding more product-plant links to configurations
with low values for n(M*), e.g., less than about 0.05; when (M*) is suitably
small, then we expect that the expected sales for a limited flexibility
configuration will nearly equal that for the total flexibility configuration.
When (M*) is large, though, we do not have an equivalence between limited
flexibility and total flexibility; rather there will remain opportunity to
improve the configuration by adding more flexibility according to the rules
described above.
This example and discussion also begin to provide some intuition for the
91"-"-"Y1_
value from chaining, as described in Jordan and Graves (1991). The example
starts with a configuration with three chains, and then adds links one at a
time to reduce the number of chains. After adding two links, the
configuration is connected and all of the products and plants are chained
together. However, there is still improvement possible from adding one more
link that effectively closes the chain. Using (M*) to guide the construction
of the configuration results in creating a configuration with fewer and longer
chains.
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APPENDIX: OPTIMAL SOLUTION TO [P11
Suppose that we have m products with demands dl, d2, ... dM, and n
production facilities or plants with capacities cl, c2, ... cn. We define the
set A to be the set of pairs (i,j) such that (i,j) E A signifies that
product i can be produced at plant j. We assume that the demands and the
capacities are all expressed in common units so that one unit of capacity at
plant j is required to satisfy one unit of demand for product i, provided that
(i,j) e A.
Consider the problem of allocating production capacity to product demand.
Suppose that the criterion is to minimize the amount of product demand that
cannot be assigned to a plant, i.e., to minimize the shortfall between demand
and available production capacity. For given demands {dl, d2, ... dm} and
capacities {cl, c2, ... cn}, and for plant-product capability denoted by A,
the optimal allocation has an objective value equal to
MAXt i C} (Al)
ieM jeP(M)
The maximization in (Al) is over all subsets (including the null set) of
the index set 1, 2, ... m}, i.e., over all subsets of the products. For any
subset of the products M, P(M) is the subset of plants that can supply the
products in M; that is, P(M) = {j (i,j) e A for some i e M}. Thus, each
term within the maximization in (Al) is the difference between the demand for
some subset of products and the maximum capacity available to make that subset
of products. When M equals the null set, P(M) also equals the null set and we
define each summation in (Al) to be zero; if the maximum for (Al) occurs when
M is the null set, then there is no shortfall between demand and production
capacity and the value for (Al) is zero.
To show (Al), we state the allocation problem as a linear program and will
argue that (Al) gives the optimal solution value to the dual. The decision
variables are xij for (i,j) e A and denote the amount of demand for product i
supplied by plant j; si equals the amount of demand for product i that cannot
be satisfied, i.e., the shortfall. There are two sets of constraints, the
first representing the demand requirements and the second for the plant
capacities. The objective is to minimize the sum of the shortfalls. We state
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the linear program as follows:
m
V(A) = MINI s
i=l
s.t.
(i,j)eA
(i, j) EA
x.. + s. > d
Xij 
x.. < C.
i for i = 1, 2, ... m
for j = 1, 2, ... n
all x.. 0
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The dual of the linear program [P1] has two sets of decision variables
{ui} for the demand constraints and {vj} for the plant capacity constraints,
and is given as follows:
[D1] MAX du1 + ... + du - clV - ... - cnv
s.t.
u. - . O1 J
U.
ui, Vj
1
0
for all (i,j) e A
for i = 1, 2, ... m
for all i, for all j.
We make two observations about the dual program. First, in an optimal
solution to [D1], we can set the vj's as follows:
vj = WX [ui I i such that (i,j) e A] (A2)
provided that cj O. That is, for a given specification of {u1, ... um)}, we
set vj as small as possible. The case when cj < 0 is not meaningful, since it
implies negative capacity, and problem [P1] is not feasible, while problem
[D1] is unbounded.
Second, there is an optimal solution to [D1] that is all integer. This
[P1]
can be shown by contradiction. Suppose we have an optimal solution with 0 <
uk < 1, and suppose that uk is the largest fractional decision variable in the
optimal solution. For this optimal solution define the index sets I = {i I
ui = uk} and 12 = {j I vj = uk}. Then the optimal solution remains feasible
if we increase by 6 every ui, i e I and every vj, j I2 for some suitably
small 6; the change in objective value will be
6 { di I c;} (A3)
iEI 1 j6I2
Similarly, the optimal solution remains feasible if we decrease by 6 every ui,
i e I and every vj, j I2; the change in objective value will be the
negative of (A3). Hence, if (A3) is non-zero, we can improve the objective
function by adjusting the solution in one direction, and thus have a
contradiction. If (A3) equals zero, we can increase all of the fractional
decision variables (ui, i e I1 and vj, e I2) to one without affecting the
objective value; we then repeat the argument with the next largest fractional
decision variable and continue until we have a contradiction or an optimal
integer solution.
Based on these two observations, we conclude that there is an optimal
solution in which each u i and each vj is either 0 or 1. From (A2) we see that
we only need to specify {ul, ... um} to obtain a candidate solution to the
dual. Thus, every subset M of the products defines a potential optimal
solution to the dual, given as follows:
u. = 1 for i e M
u. = 0 else;
1
v. = 1 for j e P(M)
v. = 0 else.
The objective value for this solution is given by
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ieM jriP(M)
Thus, we can rewrite the dual problem as
MAX{ di - E cJ
iEM jeP(M)
which is identical to (Al). Since the optimal objective value to [D1] equals
the optimal objective value for [P1], we have shown that the optimal
allocation of capacity to products has a total shortfall given by (A1l).
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